ABSTRACT. We show that for α ∈ (2/3, 7/10), the log canonical model M 4 (α) of the pair (M 4 , αδ) is isomorphic to the moduli space M hs 4 of h-semistable curves constructed in [HH08] , and that there is a birational morphism Ξ : M hs 4 → M 4 (2/3) that contracts the locus of curves C 1 ∪p C 2 consisting of genus two curves meeting in a node p such that p is a Weierstrass point of C 1 or C 2 . To obtain this morphism, we construct a compact moduli space M hs 2,1 of pointed genus two curves that have nodes, ordinary cusps and tacnodes as singularity, and prove that it is isomorphic to Rulla's flip constructed in his thesis [Rul01] .
INTRODUCTION
We continue our investigation of the log minimal model program for the moduli space of stable curves. In [HH09] , [HH08] , [HL10a] , [HL10b] , Brendan Hassett and the authors have studied the log canonical models M g (α) = Proj ⊕ n≥0 Γ (M g , n(K Mg + αδ)), α ∈ (7/10 − ǫ, 1] where ǫ is a small positive rational number. Each log canonical model was given a GIT construction and interpreted as a moduli space, and their relations were concretely described. For g ≥ 3, the first divisorial contraction T occurs at α = 9/11 followed by a flip at α = 7/10.
Here M ps g , M cs g and M hs g denote the moduli space of pseudostable curve [Sch91] , of c-semistable curves and of h-semistable curves respectively [HH08] . In this paper, we shall prove that for g = 4, the sequence of maps above is followed by another small contraction: Theorem 1.
(1) A genus two tail of a curve C is a subcurve of genus two that meets the rest of the curve in one node. It is called a Weierstrass genus two tail if moreover the attaching node is fixed under the hyperelliptic involution. Abusing terminology, we will call C itself a (Weierstrass) genus two tail if it has a (Weierstrass) genus two tail as a subcurve. Our proof uses the results from Hosung Kim's thesis [Kim08] and thus applies only to the case g = 4, but we believe that the statement is true for any g ≥ 4. In fact, we may remove use of [Kim08] by constructing the GIT quotient space of 6-Hilbert semistable curves: Examination of the slope of the linearization suggests that M g (2/3) is isomorphic to the GIT quotient of the Hilbert scheme of the sixth Hilbert points of bicanonical curves. More precisely, K Mg + 2 3 δ, when pulled back to the Hilbert scheme of ν-canonical curves, is proportional to the linearization [HH08, Equation (5.3)] when ν = 2 and m = 6. But we have not been able to construct the GIT quotient mainly because of our lack of understanding of finite Hilbert stability of curves. Recently, Ian Morrison and Dave Swinarski made a breakthrough [MS09] , constructing examples of small genera curves that are 6-Hilbert stable. Building upon this work, we plan to carry out the GIT and give modular interpretations of M g (2/3) and the small contraction Ξ for any g ≥ 4.
To prove our main theorem, we also construct a new moduli space M hs 2,1 of pointed curves of genus two that allows nodes, ordinary cusps and tacnodes as singularities, and prove that it is isomorphic to the flip of M 2,1 given in [Rul01, Section 3.9] 1 . It is constructed by using GIT, and the method can be generalized to give new compactifications of M g,n for any g ≥ 2 and n. Details will be given in our forthcoming work [HLS] .
H-STABLE CURVES AND POINTED CURVES
In [HH08] , we classified bicanonically embedded curves of genus g ≥ 4 whose mth Hilbert point is GIT semistable for m ≫ 0. Such a curve C is said to be h-semistable, and is characterized by the following properties:
(1) C has nodes, ordinary cusps and tacnodes as singularity; (2) a smooth rational component of C meets the rest of the curve in ≥ 3 points counting multiplicity; (3) a genus one subcurve of C meets the rest of the curve in ≥ 3 points counting multiplicity; (4) no elliptic chain is admitted.
By [HH08, Proposition 8.7, Corollary 8.8], every h-semistable curve of genus four has finite automorphisms. Indeed, h-semistable curves with genus one subcurve are listed in Figure 1 and none of them admits a weak elliptic chain. When g = 4, the elliptic chain condition is redundant, and we will not use elliptic chains or weak elliptic chains in the present article but point the interested readers to [HH08, Definition 2.4]. has only finite quotient singularities. We let δ hs denote the divisor of singular curves in the moduli stack. It has two irreducible components δ hs irr consisting of irreducible curves and δ hs 2 consisting of genus two tails. Since the morphism M hs 4 → M hs 4 is unramified (as opposed to M g → M g which is ramified along δ 1 ), we shall abuse the notation and use them to denote the corresponding divisor classes in the moduli space. In [HH08, Theorem 9.1], it is shown that the linearization on the Hilbert scheme used in the GIT quotient construction of M + 2 3 δ hs generated by a curve in the boundary divisor δ hs 2 . Via the degree two finite map
we can pass to M 2,1 whose birational geometry has been extensively studied in [Rul01] . 2 But to use his results in studying the birational geometry of M hs 4 , we need to have a map for M hs 4 corresponding to j in (1) above, which breaks δ hs 2 into two components: any curve in δ hs 2 is by definition a union of two genus two curves meeting in one node. Since such component curves may have an ordinary cusp or a tacnode, we need to construct a compact moduli space of pointed curves allowing these singularities. This is the task we carry out in §4. Here, we sketch the construction and summarize the main properties of the new moduli space.
Let C 1 ∪ p C 2 be a curve in δ hs 2 , where C i are of genus two. Restricting the polarization to C i yields ω ⊗2 C i (2p), which leads us to consider the GIT of pointed genus two curves (C, p) embedded in P 4 by the complete linear system |ω
In our case ν = 2, (C, p) is said to be bicanonically embedded. We recall the basic GIT setup from [Swi08a] . Let d = 6, N + 1 = 5, and P(m) = 6m − 1. Let Hilb be the Hilbert scheme parametrizing the subschemes of P N whose Hilbert polynomial is P(m). Let J denote the subscheme of Hilb × P N consisting of the points associated to bicanonical pointed curves (C, p) such that C is smooth and p ∈ C is a smooth point. 3 The parameter space we use is J, the closure of J inside Hilb × P N , linearized by
where π : C → Hilb is the universal curve. Here, the balancing factor 2m 2 /3 was chosen so that the GIT quotient space parametrizes exactly the pointed curves that we desire. Such a balancing factor was employed in [BS08] and [Swi08a] , and for ν-canonical pointed curves, it turns out that νm 2 /(2ν − 1) works. 4 We say that (C, p) is Hilbert (semi)stable if the corresponding point in J is GIT (semi)stable with respect to the standard SL N+1 action and L m for all m ≫ 0. The linearization on J descends to an ample line bundle on the quotient space J/ /SL, which can be written in terms of tautological classes on the quotient space [Swi08b] : Let π : C → J be the universal curve and ψ denote the bundle of cotangent lines. In the polarization formula below, the first term det π * ω C (m) comes from the curve part and the second, the point part. We follow [Mum77, Page 106] and write det π * ω C (m) in terms of the Hodge class λ, the boundary divisor δ irr of irreducible curves and ψ. Using Swinarski's polarization formula [Swi08b] with ν = 2, n = 1 (number of marked points), m ′ 1 = 2 3 m 2 (balancing factor), A 1 = νa 1 = 2 (weight), we get det π * ω C (m) + 
tends to 0 as m → ∞.
CONSTRUCTION OF THE BIRATIONAL MORPHISM Ξ
We shall first prove that |ℓ(K M is shown in [HL10b] : It gives rise to a projective birational morphism with exceptional locus B 5 . Proofs of (i) and (ii) will be given in subsequent sections. Then we shall put everything together and establish Theorem 1 in § 3.3. . For this end, we exploit the moduli space Chow 4,1 / /SL 4 of Chow semistable canonical curves of genus four. This space was carefully studied by H. Kim [Kim08] in which she proves among other things that:
K M

Theorem 3. [Kim08] A complete connected curve of genus four has Chow semistable (resp. stable) canonical image if it is h-stable and not contained in δ hs
2 ∪ H hs 4 (resp. δ hs 2 ∪ H hs 4 ∪ T 3 1 ). Here, T 3 1 denotes the locus of 3-pointed elliptic tails i.e. h-stable curves with a genus one subcurve meeting the rest in 3 points counting multiplicity. 
(ii) geometric fibre C s is h-stable of genus four, (iii) has no 3-pointed elliptic tails, and (iv) has no genus two subcurves.
Hence there is a natural isomorphism ϕ between them. We claim that it can be extended to a regular morphism on . After a base change, we obtain an h-stable family π : C → B that corresponds to σ. Since this family satisfies Kim's Chow semistability criterion, after a re-embedding C ֒→ P(π * ω π ) ≃ P 3 B , we obtain a map B → Chow 4,1 , and in turn a map to the quotient space Chow 4,1 / /SL 4 . Necessarily the special point of B maps to p ⋆ . This means that ϕ is compatible with the constant map collapsing T 3 1 to p ⋆ , and ϕ extends across T 3 1 by Hartogs' theorem.
Likewise, Θ is regular on H We shall prove that there is a curve C ⊂ δ hs 2 such that (1) Θ is regular along C; (2) (9λ − δ hs ).C < 0; (3) δ hs 2 .C < 0. Then dotting both sides of (4) with C gives c > 0.
Let (C 1 , p) be a one-parameter family of pointed genus two curves obtained by taking C 1 as the genus two curve corresponding to the vital curve {1, 1, 2, 2} and p, a ramification point of C 1 . Let C be the curve in δ hs 2 obtained by gluing (C 1 , p) and a fixed smooth curve C 2 of genus two at a fixed Weierstrass point on C 2 . Since C is contained in the hyperelliptic locus, Θ is regular along C by Corollary 1. Note that C completely misses the flipping locus of elliptic bridges, so (9λ − δ hs ).C = (9λ − δ ps ).C where δ ps is the divisor of singular curves in M ps 4 . Employing the discrepancy formula, we find that (9λ − δ ps ).C is a positive rational multiple of (K M 4 + 5 9 δ − 26 9 δ 1 ).C. Here we slightly abused notation and let C denote the corresponding curve in M 4 , which is reasonable since it does not meet the exceptional locus. To compute the intersection on M 4 , since C 2 is fixed, we may replace it by a suitable reducible rational curve and pass to the vital curve V associated to {1, 2, 2, 5} [KM96] , and compute instead the intersection with V (Figure 2 ). This is easily done by using [KM96, Theorem 1.3.(6)]:
of which intersection with V is + 2/3δ hs on δ hs 2 , it suffices to show that its pullback to M + αδ hs corresponds to K M 4 + (α − 2)δ + (11α − 9)δ 1 , which pulls back to 13λ + (α − 2)(δ irr − ψ) + (12α − 11)δ 1,{1} .
For α = 2/3, this is a positive rational multiple of
which is in turn proportional to ([Rul01, Proposition 3.3.7]) D = 3(−δ irr − 12δ 1,{1} + 40ψ). Rulla showed that D gives rise to a rational map ϕ Q on M 2,1 which contracts ∆ 1,{1} and
is ample on both Y and on M hs 2,1 = Hilb/ /SL 5 (Theorem 4) when α = 7/10 − ǫ for some small positive rational number ǫ. Note that for α = 7/10 − ǫ, it is proportional to for some positive rational numbers a and b, and a small positive rational number ǫ.
We have shown that the first factor is ample and the second is semiample. It follows that the sum is ample and Theorem 1. (1) 
MODULI SPACE OF H-STABLE POINTED CURVES OF GENUS TWO
In this section, we work out the GIT of bicanonically embedded pointed curves discussed in §2. We retain the notations d, N, P(m), Hilb, J and L m from §2. GIT of J gives rise to the Hilbert semistable bicanonical pointed curves. Alternatively, one can employ the Chow variety in place of Hilb. Let Chow denote the Chow variety of curves of degree d in P N . Given a bicanonical model of a pointed curve (C, p), we call the corresponding point in Chow × P N the Chow point of (C, p) and denote it by Ch(C, p). Then we define J ′ ⊂ Chow × P N in a similar manner and consider the GIT of J ′ , linearized by (the restriction to J ′ of)
which pulls back by the Chow cycle map to the leading coefficient of the balanced linearization L m ( §2, Equation (2)) on the Hilbert scheme (see §4.1 below). We say that (C, p) is Chow (semi)stable if its Chow point is GIT (semi)stable. Swinarski completely works out the theory for pointed curves (C, p 1 , . . . , p n ) embedded by (ω C ( p i )) ν for ν ≥ 5, and proves that such a curve if Hilbert stable if and only if it is Deligne-Mumford stable. 5 This result may also be derived from [BS08] . We shall work out the case g = 2, n = 1 and ν = 2.
Definition 1.
A pointed curve (C, p) of genus two is said to be c-semistable if
(1) C has nodes, ordinary cusps and tacnodes as singularity; (2) A rational component of C has ≥ 3 special points counting multiplicity; 5 Swinarski actually considers the problem in more general setting of Hassett's weighted pointed curve.
(3) A genus one subcurve meets the rest of the curve in ≥ 2 points without counting multiplicity; (4) p is simple. It is c-stable if it is c-semistable and C has no tacnodes and no subcurve of genus one.
Definition 2. A pointed curve (C, p) of genus two is said to be h-stable if
(1) C has nodes, ordinary cusps and tacnodes as singularity; (2) A rational component of C has ≥ 3 special points counting multiplicity; (3) C does not have a subcurve of genus one.
(4) p is simple.
Theorem 4. A bicanonical pointed curve (C, p) of genus two is Hilbert stable if and only if it is h-stable. There is no strictly semistable point.
Therefore, the quotient space M hs 2,1 := J/ /SL 5 has only finite quotient singularities, and the corresponding moduli stack M hs 2,1 is Deligne-Mumford.
Remark 1. Although M hs
2,1 is a coarse moduli space for a well defined separated moduli functor, it is not a stable modular compactification in the sense of Smyth [Smy09] . A stable modular compactification in general does not allow any curve with singularity worse than ordinary node.
Theorem 5. A bicanonical pointed curve (C, p) of genus two is Chow (semi)stable if and only if it is c-(semi)stable.
Unstable pointed curves. Let
Due to a result of Mumford, Fogarty and Knudsen, we have
Hence L ′ 4/3 pulls back via Ch × 1 P N to a positive rational multiple of the top coefficient of the linearization 3p * 1 ( π * O C (m)) + 2m 2 p * 2 O P N (1), where Ch : Hilb → Chow is the Chow cycle map. It follows that
Lemma 4. (C, p) is Hilbert unstable if its Chow point is unstable with respect to L ′
4/3 . We shall employ this lemma extensively to deduce the geometric invariant theoretic property of Hilbert points from the GIT of corresponding Chow points, and vice versa. 
Lemma 5. (C, p) is Chow unstable if p is not a smooth point.
Proof. Choose coordinates so that p = [1, 0, . . . , 0] and let ρ be a 1-PS with weights (1, 0, . . . , 0). Let ν : C → C be the normalization and let p ′ , p ′′ ∈ C be the points (p ′ = p ′′ if p is a cusp) over p. Then by [Sch91, Lemma 1.4], we have
and hence
The maximum of the negative of the weights at p is −(1 − 1/5) = −4/5. Hence Note that a genus two curve cannot have a singularity of the form y 2 = x m for m ≥ 6, for any such singularity would contribute ≥ 3 to the arithmetic genus. Proof. Let p ∈ C be a ramphoid cusp, C → C be the normalization and q, r ∈ C, the points over p. Note that the analysis in [HH08, Lemma 7.2] does not depend on the particular embedding but only on the degree. Applying the proof to our situation, we obtain a 1-PS ρ with weights (5, 3, 1, 0, 0) with respect to suitable coordinates, so that
The maximum of the negative of the weights is Definition 3. An elliptic bridge is a pointed curve of the form (C := E ∪ q 0 ,q 1 R, p) where E is an elliptic curve, R is a rational curve meeting E in two nodes q 0 and q 1 , and the marked point p is a simple point of R.
Proposition 2. Let (C ⋆ = E ∪ q 0 ,q 1 R, p) be a bicanonical elliptic bridge such that E = R 0 ∪ y R 1 consists of two rational curves meeting in one tacnode y. Then there is a 1-PS ρ with respect to which the mth Hilbert point has the Hilbert-Mumford index
Proof. Assume q i ∈ R i . We have
Hence C ⋆ can be parametrized by:
From this parametrization, we obtain the ideal I C ⋆ of C ⋆ embedded in P 4 by ω ⊗2 C ⋆ (2p). Let ρ : C * → SL 5 with weights (3, −2, −7, 3, 3) which comes from automorphisms of C ⋆ . Using the Gröbner basis algorithm of [HHL10] , we obtain the filtered Hilbert function of C ⋆ with respect to ρ as
On the other hand, the contribution from the marked point is −3. With respect to L m with balancing factor 2m 2 /3, the Hilbert-Mumford index is
In particular, (C ⋆ , p) is Hilbert unstable with respect to ρ.
Corollary 2. Bicanonical elliptic bridges are Hilbert unstable.
Proof. Consider the basin of attraction of the bicanonical elliptic bridge C ⋆ = R 0 ∪R 1 ∪R with respect to ρ, where C ⋆ and ρ are as in Proposition 2. The local versal deformation space of a tacnode is given by y 2 = x 4 + ax 2 + bx + c where x parametrizes the tangent space of (the branches at) the tacnode and y is a local parameter of the tacnode (at a branch). The tangent space of (the branches at) the tacnode [0, 0, 1, 0, 0] is parametrized by x 1 /x 2 , on which ρ acts with weight −2 − (−7) = +5. Hence the ρ action on the local versal deformation space of the tacnode has weights (+10, +15, +20).
On the other hand, at the node q 0 = [1, 0, 0, 0, 0], ρ acts on the two tangent directions x 1 /x 0 and x 4 /x 0 with weights −5 and 0 respectively. Hence it acts on the local versal deformation space of q 0 with weight −5. It follows that the basin of attraction with respect to ρ contains an arbitrary smoothing of the tacnode but no smoothing of the nodes.
Corollary 3.
(1) Elliptic bridges and the corresponding tacnodal pointed curves are Chow strictly semistable with respect to ρ ±1 ; (2) The basin of attraction of the Chow point of (C ⋆ , p) with respect to ρ (resp. ρ −1 ) contain all elliptic bridges (resp. c-semistable pointed curves with a tacnode).
Note that this completely classifies c-semistable pointed curves that are attracted to (C ⋆ , p) since any 1-PS coming from the automorphism group of (C ⋆ , p) is an integral power of ρ.
Proof. (6) and (7) imply that µ L ′ 4/3 ((C, p), ρ ±1 ) = 0. We have already analyzed the basin of attraction with respect to ρ in Corollary 2. Since ρ −1 acts on the deformation spaces with the weights of opposite signs, we conclude that the basin with respect to ρ −1 contain all smoothings of the node and no smoothing of the tacnode.
Lemma 9. Let C * = E ∪ t R be a bicanonical curve consisting of a rational cuspidal curve E and a smooth rational curve R meeting in a tacnode t. Then for any point p ∈ R, (C * , p) is Chow unstable. Proof. This follows since C is in the basin of attraction of C * from Lemma 9: Consider the cusp q whose local equation is (x 2 /x 0 ) 2 = (x 1 /x 0 ) 3 . Its local versal deformation space is defined by (x 2 /x 0 ) 2 = (x 1 /x 0 ) 3 + a(x 1 /x 0 ) + b, so G m acts on it via ρ with weight (+4, +6). Thus the basin of attraction A ρ ([C] m ) (and A ρ (Ch(C))) contains arbitrary smoothing of the cusp. Consequently, Ch(C, p) is in the basin of attraction of Ch(C * , p * ) where p * = lim α→0 ρ(α).p. If p is not on the smooth rational component, then (C, p) is Chow unstable by Propositions 3 and 4. So we assume that p is on the smooth rational component of C, which forces p * to be on the smooth rational component R of C * . In this case we have
by Lemma 9. To get things rolling, we also need a pointed version of [Mum77, Proposition 5.5]:
Proposition 3. Let C ⊂ P 5 be a genus two curve of degree six and p ∈ C be a point such that (C, p) is Chow semistable. Then for any subcurve C 1 of C, we have
Proof. Following Mumford, let L 1 = {x n 1 +1 = · · · = x 5 = 0} be the smallest linear subspace containing C 1 , and let ρ denote the 1-PS defined by ρ(t).x i = t x i , i ≤ n 1 x i , i > n 1 .
By the Chow semistability of (C, p), we have
Passing to the partial normalization C 1 C − C 1 , we have e ρ (C) ≥ w + 2 deg C 1 .
Combining the two inequalities above, we obtain
Since a subcurve of C is of genus zero or one, it is embedded by a non-special linear system. Thus n 1 + 1 = deg C 1 + 1 − g 1 and substituting it in (8) yields
Applying this inequality to C 2 = C − C 1 and using 
In view of the relation between the Hilbert semistability and the Chow semistability, we can safely replace Chow by Hilbert in the statement.
Proof. The proof is due to Mumford and the assertion essentially follows from Proposition 3. We just point out that the extra data of section do not effect the argument. Let C i denote the components of C 0 . Then O(1) ≃ ω ⊗2 C/k[[t]] (2Σ) ( r i C i ) for some r i which we may assume to be nonnegative integers such that min{r i } = 0. Let C + = ∪ r i >0 C i and C o = ∪ r i =0 C i . Then
which contradicts Proposition 3 unless r i = 0 for all i.
The proposition implies that if (C, p) is Chow semistable bicanonical pointed curve of genus two, then
(1) C is nondegenerate and; (2) a rational component of C has three special points counting multiplicity and; (3) C has no elliptic tail.
For instance, suppose that C had an elliptic tail. Then C = E 1 ∪ q E 2 where E i are subcurves of genus one meeting each other in one node q, and the bicanonical system ω ] whose generic member is isomorphic to that of (C, Σ). It remains to prove that they agree at the special fibre. Note that D 0 and C necessarily have the same Deligne-Mumford stabilization. So D 0 = C is evident if C has no tacnode and no elliptic bridge as there is no other c-semistable curve that has the same Deligne-Mumford stabilization. Consider the elliptic bridge (C ⋆ , p) from Proposition 2. The only c-semistable pointed curves that have the same Deligne-Mumford stabilization as (C ⋆ , p) are elliptic bridges and the tacnodal ones. But these are contained in the basin of attractions of (C ⋆ , p), and we conclude that all elliptic bridges and c-semistable pointed curves with a tacnode are Chow semistable [HH08, Lemma 4.3]. It also follows that if C is c-stable then it is Chow stable since otherwise C would be contained in a basin of attraction of (C ⋆ , p), the unique c-semistable pointed curve with infinite automorphisms.
Note that an h-stable pointed curve without a tacnode is c-stable by definition and hence Chow stable. By Lemma 4, it is Hilbert stable. Let (C, p) be an h-stable curve with a tacnode. Suppose it is Hilbert unstable. Then there is a 1-PS ρ ′ such that µ Lm ((C, p), ρ ′ ) < 0 for m ≫ 0. Let C * denote the flat limit lim t→0 ρ ′ (t).C. Since (C, p) is c-semistable, µ L ′ 3/4 ((C, p), ρ ′ ) = 0, which implies that C * is also c-semistable. But a c-semistable pointed curve with infinite automorphisms is of the form (C ⋆ , p), and it follows from Corollary 3 that ρ ′ is a positive multiple of ρ −1 . But this is a contradiction to Proposition 2 which implies µ Lm ((C, p), ρ −1 ) = 7m − 5 > 0.
